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ABSTRACT 

It is well known that every compact simple group manifold G admits a bi-invariant Ein- 
stein metric, invariant under G^x Gr. Less well known is that every compact simple group 
manifold except 50(3) and SU(2) admits at least one more homogeneous Einstein metric, 
invariant still under Gl but with some, or all, of the right-acting symmetry broken. (SO (3) 
and SU(2) are exceptional in admitting only the one, bi-invariant, Einstein metric.) In this 
paper, we look for Einstein metrics on three relatively low dimensional examples, namely 
G = SU(3), 5*0(5) and G2. For G = SU(3), we find just the two already known inequiv- 
alent Einstein metrics. For G = 50(5), we find four inequivalent Einstein metrics, thus 
extending previous results where only two were known. For G = G2 we find six inequivalent 
Einstein metrics, which extends the list beyond the previously-known two examples. We 
also study some cosets G/H for the above groups G. In particular, for S0(5)/U(l) we find, 
depending on the embedding of the U(l), generically two, with exceptionally one or three, 
Einstein metrics. We also find a pseudo-Riemannian Einstein metric of signature (2, 6) on 
SU(3), an Einstein metric of signature (5,6) on G2/5 , C r (2) ( ji a g, and an Einstein metric of 
signature (4,6) on G2/U{2). Interestingly, there are no Lorentzian Einstein metrics among 
our examples. 
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1 Introduction 



Finding Einstein metrics on compact spaces is a subject of considerable mathematical in- 
terest. It is also of importance in physics, most notably in the compactification of the 
extra dimensions in supergravity, string theory or M-theory backgrounds. A class of Ein- 
stein spaces that was much studied in the 1980's, prior to the rise of string theory and 
the consequent emphasis on Ricci-flat Calabi-Yau compactifications, comprised compact 
homogeneous spaces G/H, admitting a transitive group action under G. Even within the 
framework of string theory or M-theory, such compactifications still have an important role 
to play, for example in the AdS/CFT correspondence. 

Motivated by this, we have looked in a somewhat broader context at the question of the 
existence of Einstein metrics on compact homogeneous spaces G/H, both for the case where 
H is some proper subgroup of G and also for the case that H is the identity, in which case 
the space is just the group manifold G itself. We investigate the first few low-dimensional 
examples of compact simple groups G. The first non-trivial example, for which the group 
manifold admits a second Einstein metric, is SU(3). We focus on SU(3), SO(5) and Gi in 
our discussions. 

It is well known that if g denotes a group element in G then the bi-invariant metric 
tr(g -1 dg) 2 is necessarily Einstein, since all symmetric 2-index tensors that are invariant 
under Gl x Gr must be constant multiples of one another. However, this does not exclude 
the possibility that there could exist further, inequivalent, homogeneous Einstein metrics, 
invariant still under the action of Gl, but with some or all of the Gr symmetry broken. 
In fact, it has been shown by D'Atri and Ziller pQ that every compact simple group except 
SO(3) and SU(2) admits at least one such additional Einstein metric. Such metrics can be 
constructed as follows. First, we define the left-invariant 1-forms a a on G: 



where T a are the generators of the Lie algebra of G. Then, the most general left-invariant 
metric on G can be written as 



where x a b is a constant symmetric "squashing matrix." The D'Atri-Ziller examples are 
obtained by rescaling the bi-invariant metric, for which by a suitable choice for the basis a a 
one may take x a b = 5 a b, along a suitably chosen subgroup. 

In principle the problem of looking for Einstein metrics within the class (jl.2p is a purely 
mechanical one; first one computes the Ricci tensor R a b as a function of x a b, and then one 



g- L dg = a a T 



<a 




ds 2 = Xab 0"a <Jb 
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solves the algebraic equations resulting from imposing the Einstein condition R a b = Xg a bu 
In practice, however, the technical difficulties of solving the equations for the \d(d + 1) 
independent components of x a b, where n = dim(G), can become insurmountable. One op- 
tion, which is the one we shall follow in this paper, is to make some simplifying assumptions 
about the structure of x a b, in which many of the components are set to zero, and, possibly, 
sets of symmetry-related non-zero components are set equal. Thus the general idea is to 
try various restricted ansatze for the coefficients x a b, motivated by the symmetries of the 
situation. 

By following such a strategy, we succeed in finding four inequivalent Riemannian Einstein 
metrics on the 10-dimensional group manifold SO(5), of which two appear to be new. We 
find six inequivalent Riemannian Einstein metrics on the 14-dimensional group manifold 
G2, of which four appear to be new. We also find a pseudo-Riemannian Einstein metric of 
signature (2,6) on SU(3), in addition to the two known Riemannian Einstein metrics. 

An important question that arises when a candidate "new" Einstein metric is found on 
a given space is whether it is genuinely inequivalent to previously-obtained metrics. This 
may not necessarily be easy to see directly, since it might be that some non-trivial change to 
the basis a a would be required in order to reveal the equivalence of two metrics. Although 
it might, therefore, be quite tricky to demonstrate that two ostensibly different metrics 
are actually equivalent, the inverse question can often be easily settled. We may consider 
invariant (i.e. dimensionless) quantities, built from the scalar curvature invariants and the 
magnitude of the volume form of the manifold. If such an invariant takes different values 
for two metrics, then those metrics are definitely inequivalent. Two such invariants that we 
find useful, in this regard, are 

I 1 = \ d / 2 V, I 2 = |Riem| 2 A" 2 , (1.3) 

where A is the Einstein constant (R a b = ^9ab), |Riem| 2 = R a bcd R abcd , V is the magnitude of 

the volume form of the manifold, and d is its dimension. By comparing the values of either 

or both of these invariants for ostensibly different Einstein metrics on a given manifold, 

one may quickly and unambiguously establish inequivalence, in the event of unequal values, 

whilst if the invariants take the same values for two metrics this allows one to focus on the 

these cases for closer examination. 

It is also of interest to look for Einstein metrics on the homogeneous spaces G/H. This 

problem has been studied extensively in the mathematics literature, and also, in dimensions 

1 If the metric is to be Riemannian, then x a t should be positive definite. It can sometimes happen that 
pseudo-Riemannian solutions arise in which x ab is non-singular but indefinite. 
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such as 7 that are particularly relevant for Kaluza-Klein compactifications, in the physics 
literature too. We discuss some examples where G is SU(3), 50(5) or G 2 . In particular, 
we find new Einstein metrics on S0(5)/U(l), and we also find a pseudo-Riemannian Ein- 
stein metric of signature (6,5) on G 2 / '-SI/(2)di a g, and one of signature (4,6) on G2/U(2). 
Surprisingly, perhaps, we find no Einstein metrics of Lorentzian signature (l,n) on any of 
the group manifolds or cosets considered in this paper. We shall comment further on this 
in the conclusion. 

2 517(3) and SU(3)/ SO(3) majdmal 

We identify the Lie algebra of 577(3), denoted by su(3), with traceless Hermitean 3x3 
matrices T A b, and hence the left-invariant 1-forms La B are complex valued, with La A = 
and {La b )^ = Lg A . They satisfy the algebra 

dL A B = \L A C M C B . (2.1) 

It is convenient to decompose the su(3) algebra with respect to its maximal so (3) sub- 
algebra: 

K x = L 2 3 + L 3 2 , K 2 = L 3 1 + L 1 3 , K 3 = L 1 2 + L 2 \ 
K A = L x x -L 2 2 , K 5 = -L(L 1 1 + L 2 2 -2L 3 3 ), 

#1 = i(L 2 3 -L 3 2 ), ^ 2 = i(L 3 1 -L 1 3 ), H 3 = i(L 1 2 -L 2 1 ). (2.2) 

The subalgebra so(3) max i ma i is generated by Hi, H 2 and H 3 , and the Ki transform as a 5 
under so(3) maxima i. 

2.1 Einstein metrics on 577(3) 
We consider metrics of the form 

dsj = x x (K\ + K\ + Kl) +x 2 Kl + x 3 Ki + x 4 (H 2 + F 2 2 + 7/ 3 2 ) . (2.3) 

We find two inequivalent Riemannian Einstein metrics, given by 

3 

(x 1 ,x 2 ,x 3 ,x 4 ) = (1,1,1,1), A= 4' |Riem| 2 /A 2 = 8, 

63 764 
(xi,x 2 ,x 3 ,x A ) = (11,11,11,1), A = 4^4> |Riem| 2 /A 2 = — . (2.4) 

The first is the bi-invariant metric. 
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We also find a third Einstein metric with the class (|2,3p . which has indefinite signature 
(2,6). This is given (up to scaling) by 

, \ / (1 - xi)(l - 5xi) (l-»i)(l-5si) \ , . 

(xi,x 2 ,x 3 ,x 4 ) = Ui, , ,1 , (2.5) 

V 0x1 0x1 / 

where x\ is the real root of the cubic equation 

85x? - 29x? + 27xi -3 = 0. (2.6) 

Since this root is given approximately by x\ ~ 0.12130, it follows from (|2.5p that there will 
be two timelike directions in the metric (|2.3p in this case. The Einstein constant is positive, 
given by 



aq-xixiox,-!) 

20x? (1 - 5xi ) 



2.2 The five-dimensional coset 5 , [/(3)/5 , 0(3) maxima i 

SU(3) acts on 5C/(3)/S'0(3) max i ma i, with 30(3)^x1^1 as a stabiliser. Since the -fQ span the 
tangent space of the coset, any S'C/(3)-invariant metric must necessarily be invariant under 
the 5'0(3) max i ma i subgroup. As noted above, the Ki transform as a 5 under 50(3) max imai- 
This has a unique (up to overall scaling) quadratic invariant, and hence the unique SU(3)- 
invariant metric on the coset 5'C/(3)/S'0(3) max i ma i is given by 

ds\ = K\ + K\ + K\ + K\ + K\ . (2.8) 

Since SU(3)/ SO(3) maiX i ma i is a symmetric space, this metric is Einstein, and it is easy to 
see that 

A = ^. (2.9) 



The metric has no Killing spinors, i.e. solutions of V a ?y = i/2 w \/(d — 1) T a r] where T a are 
the Dirac matrices, obeying the Clifford algebra {r a ,r{,} = 2g a b, and in fact it does not 
admit a spin structure (see, for example, [2]). 

A convenient coordinatisation of the symmetric space SU(3)/ SO(3) can be given by 
defining the coset representative 

V = ViV 2 , Vi = e ixXl e iyX4 e izX6 , V 2 = As e^ 2 ^ Xfs , (2.10) 

where Aj are the standard Gell-Mann generators for su(3), and 

dV V- 1 = i(Pi Ai + P 2 A 4 + P 3 A 6 + P 4 A 3 + P 5 A 8 + Q x A 2 + Q 2 A 5 + Q 3 A 7 ) . (2.11) 
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The metric on S , C/(3)/S , 0(3) max imai is then given by 

ds\ = Pi + P 2 2 + Pi + Pi + P| . (2.12) 
Defining new azimuthal coordinates 

<t>i = 4>i + 4>2 , 4>2 = 4>i - 3(f> 2 , (2.13) 

we find that the basis of 1-forms for the coset is given by 

P\ = dx + i sin y sin 2z d(f>2 , 

P2 = cos xdy —\ sin x cos y sin 2z d(f>2 , 

P3 = cosy ^ cos a; dz + \ sinx siny {Sdtpi — cos 2z d(f>2)j , 

P4 = sin 2a; siny dz + f cos 2 y d(f>i + |(3 — cos 2y) cos 2z <i</>2 , 

P 5 = ^ ((1 - 3cos2y)c% + 2cos 2 y cos2z # 2 ) • (2.14) 

With the scaling chosen here, the metric is Einstein with = 6g a b- 
The SU (3) max imai connection is given by 

Qi = — cos 2x sin y dz + | sin 2x cos 2 y <i(/>i + | (3 — cos 2y ) sin 2x cos 2z d(f>2 , 

Q2 = — sin x cos y cfe + | cos x sin 2y d^i — | cos x sin 2y cos 2z dfo , 

Q3 = — sin x dy — \ cos x cos y sin 2z d<p2 • (2-15) 

3 Einstein Metrics on the 50(5) Group Manifold 

Let Lab be the left-invariant 1-forms of SO (5). They are antisymmetric, Lab = —Lb A, 
with 1 < A < 5 and 1 < B < 5, and they satisfy 

dL A B = L A c f\L C B- (3.1) 

It is sometimes convenient to define 

<7j = Lij , 0-j = L21 , ^ = L\2 , where 3 < z < 5 , 3 < j < 5 . (3-2) 

We find a total of 4 inequivalent Einstein metrics on SO (5). We obtain these by consid- 
ering two different classes of metric, associated with two different embeddings of an SO (3) 
subgroup in S0(5). The first class yields 3 inequivalent Einstein metrics: 
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3.1 The SO (3) can onicai class 



For this class, we make a decomposition in which the subgroup 50(3) can0 nicai C 50(4) C 
50(5) subgroup, generated by Ly, is manifest: 

dsj = xi of + x 2 of + x 3 (L34 + Lg 5 + L| 5 ) + x 4 z^ 2 . (3.3) 

We may take the magnitude V of the volume form to be defined by f\ a e a = V Y\a<b Lab, 
and so 

V = (xix 2 x 3 ) 3/2 xl /2 . (3.4) 

We obtain 3 inequivalent Einstein metrics as follows, with the first being the standard 
bi-invariant metric: 



(1) Metric I: 

3 

(xi,X 2 ,X 3 ,X 4 ) = (1,1,1,1), A=- 

(2) Metric II: 

(xi,x 2 ,x 3 ,x 4 ) = (l,l,l, if) , A= g^' 



h 



243 
~32~ 



J 2 = 10 . 



601692057^19 
421654016 



(3.5) 



240 

"19" ' 

(3.6) 



(3) Metric III: 

9 

(xi,x 2 ,x 3 ,x 4 ) = (1,2, 1,2), A= g> 
3.2 The S , 0(3) ma ximai class 



_ 59049 98 

11 "W /2 "¥- (3 ' 7) 



We can obtain a fourth inequivalent Einstein metric by choosing a basis for the £0(5) left- 
invariant 1-forms in which the maximal 50(3) subgroup of 50(5) is made manifest. This 
subgroup is generated by 

Zs = Vf ( La5 + "71 ^ 13 + ' Zg = (^ 45 + "71 ^ 23 ~ Ll4 ' ) ) ' 



= y|(2Li2 + l 34 ) . 

The remaining generators are 

Zi = -^=(l 35 - -^-(Li 3 + L 24 )^ , Z 2 = Li 3 -L 24 , 



(3.8) 



^3 
^5 



V5' 
2 



(-L45 — -^-(L 23 — L14)) , Z4 — L 2 3 + L14 , 



= (L12 - 2L 34 ) , Z 6 = V2Li 5 , Z 7 = V2 L 25 . 



(3.9) 



In this basis, we consider the class of 50(5) metrics 

ds 2 10 = y x {Z\ + Z 2 + Z 2 + Z\) + y 2 Z\ + y 3 (Z 2 + Z 2 ) + y 4 (Zj + Z 2 + Z 2 ) . (3.10) 



As well as the "round" Einstein metric 2/1 = 2/2 = 2/3 = 2/4, which repeats (|3.5p above, we 
obtain a new Einstein metric: 

(4) Metric IV: 

, , , , 69 1564031349 16705 

(Vi 1 V2, Vs, V4) = (26, 26, 26, 1) , A = , Ji = == , Jo = • 

\yi,V2,Vd,yv v , 1352 , 308915776^26 1058 

(3.11) 

Note that here, we again define V via Ila 6 " = ^ TItKB Lab, and so in this case we 
have 

V = 322/? yl /2 y 3 yl /2 . (3.12) 

Since each of the 4 Einstein metrics (|3.5p . (|3.6p . (|3.T[) and (|3.1ip has different values for 
the invariants 1\ and I 2 , they are definitely all inequivalent. Included among them are the 
standard bi-invariant metric (|3.5p and the second Einstein metric (|3.11[) whose existence 
was established in [3J. The remaining two Einstein metrics (|3.6p and (|3.7p appear to be 
new. 



4 Einstein Metrics on Cosets SO(5)/H 

4.1 Einstein metrics on SO(5)/U(l) 
Here, we choose the SO (5) basis 

X\ = L13 + L24 , ^2 = ^23 — ^14 , A3 = ^13 _ ^24 , A4 = L 23 + -^14 , 

A 5 = V2Li5, Xq = V2L 2 5, X 7 = V2L 35 , X 8 = v / 2j^45; 

X 9 = cL 12 + sL u , X w = cL u ~ s L u , (4.1) 

where c = cos#, s = sin 8. The two commuting generators are taken to be Ag and Xiq. 
The angle 9 parameterises the embedding of the U{\) denominator group in the maximal 
torus T 2 . The cosets SO(5)/U(l) are obtained by dividing out by X±q, and writing the 
coset metric as 

dsl = z x {X 2 + X 2 ) + z 2 (Af + X 2 ) + z 3 (X 2 + X 2 ) + z A (X 2 + X 2 ) + z 5 X 2 . (4.2) 

It appears that the non-trivial range for 9 is < 9 < Angles outside this range give 
metrics equivalent to ones with 9 inside the range. The actual allowed values of 9 for which 
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the local metrics can be extended smoothly onto complete manifolds will form a discrete 
but infinite set within the range, characterised by coprime integers (k, £) defining rational 
numbers k/£. 

Solving the Einstein conditions, we find the following: 

9 = 0: 3 Inequivalent Einstein Metrics: 

(zi, £2,23,^4,25) = (1,1, — 4 — , !, — 2 — )' ^ ' ' — 4 — ' ' — 2 — 
(1, 1.8522, 1.5490, 0.9614, 3.2786) 



7T 

6* = — : 1 Inequivalent Einstein Metric 

( Zl ,Z2,z 3 ,z 4 ,z 5 ) = (1,1.1841,0.2244,1.0924,0.8504) 



7T 

< 9 < — : 2 Inequivalent Einstein Metrics; Example for 9 = | : 

(^,^2,23,^4,25) = (1,1.4222,1.2123,0.2888,1.8813), (1,1.0950,0.2049,1.0476,0.5375) 

Note that for 9 = we actually obtain 4 solutions for the coefficients, namely the three listed 
plus a fourth (numerical) solution. This is equivalent, up to permutation of generators, to 
the third listed solution. For 8 = 7r/4, we actually obtain two (numerical) solutions, but 
the second is equivalent to the one listed. For generic 9, i.e. in the range < 9 < 7r/4, we 
obtain exactly two (numerical) solutions, and they are inequivalent. According to [3], only 
one Einstein metric was known previously for each 9. 

4.2 Einstein Metrics on SO(5)/T 2 

To construct these, we begin with the 50(5) basis X a defined in equation (|4.ip . and then 
omit the generators associated with the Cartan subalgebra Xg and X\q. Thus we consider 

dsj = w x (Xl + X\) + w 2 (Xf + Xl) + w 3 (Xl + Xl) + w 4 (X 7 2 + Xl) . (4.3) 

We obtain two solutions with 

. ,24-4^/6 24-4^6 7-2^/6 . ,24+4^6 24+4^ 7+2^6 , 



(4.4) 



and four solutions with 



(^,^2,^3, ^4) = (4,2,3,1), (2,4,3,1), (4.5) 
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In fact the two solutions in (|4.4p are equivalent up to permutation and scaling. Similarly, 
the four solutions in f|4.5[) are equivalent up to permutation and scaling. This might be 
suspected from the values of the invariants 

/ 1 = A 4 F, I 2 = |Riem| 2 A- 2 , (4.6) 

which are given by (h,h) = (40/27,1449/100) for both of the solutions in (|4.4p . and by 
(I\,I<2) = (3/2,16) for all four of the solutions in (|4.5p . Explicit calculations show that 
indeed the pair (|4.4p can be related by relabelling and scaling, as can the quartet (|4.5p . 

Thus we have in total two inequivalent Einstein metrics on 50(5)/T 2 . One Einstein 
metric corresponds to taking either of the equivalent pair in (|4.4p . The other corresponds 
to taking any one of the equivalent quadruplet in (|4.5p PI 



4.3 Seven-Dimensional Einstein Spaces SO(B) / SO(3) 
4.3.1 Einstein metrics on 50(5)/50(3) canon i ca i 

Here, we take the 50(3) subgroup to be generated by the subset Ly, where 3 < i < 5 and 
3 < j < 5. The metric on the coset SO(5)/SO (3) canon icai, which is the Stiefel manifold Vsp, 
is then taken to be of the form 

ds 2 - = u\ af+u 2 of+u?, v 2 , (4.7) 

where as before, v = L\2, (Ji = L\% and a% = Li%-, where 3 < i < 5. We can obtain one 
Einstein metric in this class, by taking 

(«1,«2,«3) = (1,1,2)- (48) 

It satisfies the Einstein equations R a b = A g a b with 

A = § . (4.9) 
This metric admits two Killing spinors [6], satisfying 

V aV -^mT a rj = 0, (4.10) 

where 6m 2 = A = 9/4. 



2 Reference [3] states that three inequivalent Einstein metrics on SO(5)/T 2 are known. The result is 
attributed to Sakane 5:. In fact Sakane obtained the two solutions (|4.4|l and the four solutions (|4.5[l . but 



did not explicitly discuss equivalences among them. We suspect that the two equivalent solutions (|4.4p were 
mistakenly counted as being distinct. 



10 



4.3.2 Einstein metrics on 50(5)/SO(3) max i ma i 

In this case, we take the SO (3) subgroup to be maximal in SO(5). Under this embedding, 
we have the group decompositions 

4 — >4, 5 — >5, 10 — >7+3. (4.11) 

The subgroup SO(3) majX i mai \ is generated by (Zg, Zg, Ziq) defined in (|3.8p . The remaining 
coset generators are Z a for 1 < a < 7, as defined in (|3.9p . 

There is a unique metric (up to scaling) on coset S'0(5)/5'0(3) max i ma i, given by 

ds 2 7 = Z 2 + Z 2 + Z 2 +Z 2 + Z 2 + Z 2 + Z^ . (4.12) 

It is Einstein, satisfying R a f, = A g a b with 

A = |. («3) 
This metric admits one Killing spinor [6]. 

4.3.3 Einstein metrics on SO(5)/SO(3) L 

Here, we take the subgroup SO(3)l in the isomorphism SO(4) = SO(3)lX SO(3)r as 
the denominator in the coset. The coset has the topology S 7 . Taking 1 < a < 4, we 
split the SO (5) generators as L a ^ and L a b, and the decompose L a b into their self-dual and 
anti-self-dual parts: 

Li = — ^= (Li 2 — L 34 ) , L 2 = —j= (L23 — L14) , L 3 = — (L31-L24) , 

Ri = -^=(L 12 +L U ), R 2 = ^=(L 23 +L 14 ), R 3 = -L(L 3 i+L 24 ). (4.14) 

We then consider metrics 

ds 2 7 = Vl (L 2 15 +L 2 25 +L 2 35 +Ll 5 )+v 2 {R 2 +R 2 + R 2 ) . (4.15) 

We obtain two inequivalent Einstein metrics, with 

K«2) = (l,2), (4.16) 

5 

These correspond to the round S 7 , and the squashed S 7 of Jensen [7], respectively. They 
satisfy R a b = \g a b with A = 3/2 and A = 27/10 respectively. 

The round S 7 admits 8 Killing spinors, while the squashed Einstein metric admits 1 
Killing spinor [8]. 
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5 Einstein Metrics on G2 



The exceptional group G2 is a subgroup of SO{7). Let the generators for SO (7) be Tab = 
—Tea- If we decompose the SO (7) fundamental index A as A = (i, i, 7), where i = 1,2, 3, 
i = 1, 2, 3 = 4, 5, 6, then the 14 = 3+3+8 generators of Gi can be taken to be [8] 

Gi = Ttf + ^f-ijkTj^ , Gij = Tij+Ty , 

Gtj = ^(-^-Kl+l^%-|^^ 7 ). (5.1) 

Note that G--- is traceless; G+ = 0. 

ij > n 

If we associate left- invariant 1 -forms a a = {cr,, o"y, cr^} with each G2 generator, then we 
may write 

Oi = Li7+2" e ijkLj~ k , <Tij=Lij + Ly, 

where = —Lb A are left-invariant 1-forms for SO (7), satisfying (ILab = Lac^Lcb- 
When evaluating the exterior derivatives of <r a , we then project into the subspace of 2-forms 
spanned by wedge products of the a a , in order to read off the Cartan-Maurer equations for 
the left-invariant 1-forms of G2 J^l 

We can consider the class of left-invariant metrics of the form 

6 

ds 2 u = Y J XaE+ E-+x 7 Hf+x 8 Hl, (5.3) 
0=1 

where E£ denotes the six left-invariant 1-forms corresponding to the six positive roots of G2, 
and correspondingly, E~ denotes the six left-invariant conjugate 1-forms for the negative 
roots. H\ and H2 denote the left-invariant 1-forms for the two Cartan generators. 
In terms of the left-invariant 1-forms <7j, ou and a-~- defined above, we have 

E+ = o- 32 -o- 23 + -J= (cJ23-2cri) , 

E 2 = fJ 3i- fT 13 + -^( CJ 31-2o-2), 

E+ = a 2i -a 12 --^= (ai2-2cr 3 ) , 

E± = 0i2+°"2i — iV3fi2 > 
Ei£ = cr^ +cr 3 j +i\/3 (731 , 

E t = (T 2i +a 32 +iV3a 2 3, (5.4) 



3 This projection procedure is the implementation, at the level of the exterior algebra of the 1-forms, of 
the fact that the commutators of the G2 generators Gi, Gij and Gq defined by (|5.1|l close on themselves. 
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and 



#1=0-^-0-22, fl r 2 = -V3(<7 1 I+<7 2 s)- 



(5.5) 



The left-invariant 1-forms E a corresponding to the negative roots are obtained from the 
E~£ in (|5.4p by reversing the sign of i. The weights of the under (HijHz) are 



(1,1), (1,-1), (0,2), (2,0), (1,3), (1,-3) 



for a = 1 up to a = 6 respectively. 



(5.6) 



5.1 The SU(2) diag class 

The metric (15.31) can thus be written as 



ds1 4 



Xl 

+X 3 
+X 4 



( Cr 23~ Cr 32) 2 + |( Cr 23-2o-i 

°'l2~ '2i) 2 + 5( CJl2 ~ 2cr 3) 

\ 9 

-X5 



+ X 2 



( cr 3i _Cr 13) 2 + |( Cr 31-2o- 2 ) z 



3cr 23 + ( cr 23 + fT 32) 



3(j| l -|-((T q1 -+(T l 



'31 1 "13' 



+ X6 



3o-i2 + (o- 12 +o- 2i ) 2 



+x 7 (o- li -o- 22 ) 2 +3x 8 (o- li +o- 22 ) 5 



(5.7) 



As will be seen in section 16.21 below, the basis used here is naturally adapted to the em- 
bedding of the 5 , C/(2)di ag subgroup in G 2 , where SU(2)di& g is the diagonal SU(2) in the 
SU{2) x SU(2) subgroup of G 2 . 

We find two choices (up to overall scaling) for the coefficients Xi that yield Einstein 
metrics, namely 



(xi,...,x 8 ) = (3,3,3,1,1,1,1,1) : A 



1 



h 



1 

81 



I 2 = 14, 



(X!,...,x 8 ) = (^,^,1,1,1,1,1): A = ^, ^l = 27W 



h 



(5.8) 
19346 



1369 



Here we take the volume to be V = x± x 2 x 3 X4 X5 xq ^Jx-j x$ when calculating the invariant 
I\. Note that the first metric in (|5.8p is the bi-invariant one. The second is the non-bi- 
invariant metric obtained in the analysis of D'Atri and Ziller pQ. 



5.2 The SU(2)xSU(2) class 

We can obtain further Einstein metrics on G 2 by considering a different choice of basis for 
the metric, adapted this time to the SU(2) x SU{2) subgroup of G 2 (see sections 16.31 and 
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16.41 below). If we take 



ds 2 14 = yi [K2-^2i) 2 + ( "l3- <J 3i) 2 + ( (7 23 - "32) 2 ] 



12 "21/ 1 V"13 "ZD 1 V"23 "32^ 

2,L i _ \2 , /_ i _ \2l 



+y2[(o- X 2 + ^2i) +(°"l3 + Cr 3i) +( CT 23 + C7 32) Z 
+2/3 [(<>"23 - CTl) 2 + (0-31 - 0" 2 ) 2 + ((712 - V3) 2 ] 
+2/4 [(cr23+0-l) 2 + (0"31+0- 2 ) 2 + (cJi2 + cr3) 2 ] 

+2/5 Ki -cr 22 ) 2 +y 6 (cj^+cj^) 2 , (5.9) 

then the metric is Einstein if 

o n (7y 3 -6)(6-y 3 ) 
2/1 = 3, 2/2 = 1, y 4 = 77 , 2/5 = 1, 2/6 = 3, (5.10) 

1%3 

and 2/3 is a root of the quartic polynomial 

(2/3 -3) (352/1-303^+666^ -378) = 0. (5.11) 

The root 2/3 = 3 reproduces the first Einstein metric listed in (|5,8p . The three roots of cubic 
polynomial factor in (|5.1ip are given by 



101 2V2431 ( e+2^rvs 
y3 = _ 35" — 35 — COS V — 3 — )' n = 0,1,2, (5.12) 

where 

cos# = - —777 . (5.13) 

(2431) 3 /2 v ; 

These roots are all real and positive, and furthermore 2/4, given in (|5.10p . is positive in all 
these cases. This yields three further Einstein metrics on the G2 group manifold, which 
are all inequivalent, and they are all inequivalent to the two already listed in (|5.8p . The 
Einstein constant and the invariants 1% = A V and I2 = A~ 2 |Riem| 2 for the three additional 
Einstein metrics, for n = 0, n = 1 and n = 2 in (|5.12p . are given numerically by 

n = : Aw 0.40067 , h ~ 0.021017 , J 2 » 20.84408 , 
n = 1 : Aw 0.60962 , Ji « 0.012100 , J 2 » 19.35457 , 
n = 2 : Aw 0.35162 , Ji 0.036879 , J 2 « 14.30375 (5.14) 

For comparison, the numerical values of the invariants for the two Einstein metrics listed 
in U53J are (h,I 2 ) ~ (0.037037,14) and (Ii,I 2 ) « (0.036970,14.13148) respectively. 
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5.3 The SU(2) max class 

There is a third choice of basis that enables us to find one further inequivalent Einstein 
metric on G 2 . This basis is adapted to the maximal SU(2) subgroup in G 2 (see section 
below), and in it the metric is given by 



ds 



ii 



+£5 



i(CT23-2o-i) 2 + (cr 32 -cr 23 ) 



-x 2 



Ua 31 -2cr 2 ) 2 + ((T 3 i-(J 1 ~) 



3(7i 2 + (er 1 ft+cr 2i ) 



+ X4 



3^31 + (°"l3 +Cr 3i) 



(5.15) 



|(^^23-2(73 + (T 1 2) 2 + (^((T 2 3 + C T3 2 )+(7 12 - C T 2i ) 2 l+|x 6 (2(7^ + 3(7,2 



'V5 



+ ix7(\/i^a23 + 6a3 + ai2) 2 +n^X7(\/i^((T 2 3 + a3 2 )-9((7 12 +(7 2i )) 2 + ^X7(^ 



22 ' 



We find two choices of coefficients (up to scale) that give Einstein metrics, namely 



(X1,X 2 ,X 3 ,X4,X 5 ,X 6 ,X 7 ) 
(x 1 ,X 2 ,X 3 ,X 4 ,X 5 ,X (i ,X 7 ) 



(1) I? 3> 3> 14? 28 ' ^) ' 



3 ' 3 ' 14 ' 28 ' 

1 1 _5_ _3_ _ 
3 ' 3 ' 14 ' 28 ' 85 > 



(1,1, 1 1 5 3 28 



The first case is just the standard bi-invariant metric but (|5.17p is new, with 



X ~ 17 



h 



(26)' 



h 



5719 



(5.16) 
(5.17) 

(5.18) 



3 4 17 s 5V85 260 
The invariants I\ and I 2 are different from those we found in the previous five Einstein 
metrics. 

To summarise, we have found six inequivalent Einstein metrics on the G 2 group manifold, 
of which the last four, given by (15.121) and (15,17p . appear to be new. 



6 Einstein Metrics on Cosets G2/H 

6.1 G 2 /(SU(2)xSU{2)) 

The SU(2) x SU(2) subgroup is generated by 



-^Q — G{ 2 ^ijk Gjk 1 



Yi — Gi + 2 Cjjfc Gjk , 



(6.1) 



where Xi are the generators of one SU(2) factor, and Y{ generates the other. The space is 
isotropy-ir reducible, and so there is just one Einstein metric |9j. It is given by 



dsi 



T 23 ~ a 32) 2 + ( (J 3i - (T l%f + ( CT 12 -^l) 2 ] 



+ ( ff 23 + a 32 ) 2 + ( ff 3i + a l3) 2 + K 2 + a 2l ) ^ 



+3(cr li +(7 22 ) 2 + (cr li -CJ 



22' 



(6.2) 



It satisfies R, ■ — 1 



ab — 3 9ab- 



15 



6.2 G 2 /SU(2) di&g 

We can obtain an Einstein metric on the 11-dimensional coset space G ! 2/5'f7(2) ( jiag, where 
5C/(2)dia g is the diagonal SU(2) subgroup in SU(2) x SU(2). It is therefore associated with 
Ci2) ^23 and CT31. We can then obtain G 2 invariant metrics on the coset, with 

= 2/l[(°'23- (7 32) 2 + ( CT 3i- CT 13) 2 + ( (J 12- (J 2i) 2 ] 

+\V2 [{a 2Z -2a 1 f + {a zl -2a 2 ) 2 + {a l2 -2a^f] (6.3) 

+2/3 [(^23 + CT 32) 2 + ( a 3i+ CT 13) 2 + K2+ CT 2i) 2 + Ki- a 22) 2 + 3 ( fT li+ (T 22) 2 ] • 

We then find that there is a Riemannian Einstein metric if 

3/i(27-5yi) 

^ 2= 9 +5yi ' y3 = 1 ' (6 ' 4) 
where yi is the real, positive root of the quartic polynomial 

125yf-500yf+213y?+378yi-972 = 0. (6.5) 

There is also a pseudo-Riemannian Einstein metric when y% is the real, negative root of 
(I6.5|) . Since 1/2, given by (16. 4p . is then also negative, the metric signature is (6,5). 

Since the adjoint of G 2 decomposes under the SU{2) x SU(2) maximal subgroup as 

14 — (§,i) e (1,0) e (0,1), (6.6) 

where we denote an SU(2) representation by its spin j, it follows that under S'C/(2)diag we 
shall have 

14 — >(2) © 3x(l). (6.7) 

(In other words, we have one spin-2 and three spin-1 representations in the decomposition.) 
One may define the Dynkin index of an SU (2) embedding in a group G by 

^ = ll>> Pi = |i(j + l)(2j + l), (6.8) 

3 

where the summation is taken over all the irreducible representations, labelled by their spin 
j, in the decomposition of the adjoint of G. Thus we see that the Dynkin index for the 
SU (2)diag subgroup in G 2 is given by 

I D = 4 . (6.9) 

The Riemannian Einstein metric we have obtained here is therefore the one listed as 
G 2 /50(3)4 in [3], which was obtained in [TO] . 
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6.3 G 2 /SU(2) L 

Here, we consider the coset formed by dividing out by the SU(2)l factor in the SU{2)l x 
SU(2)r subgroup described in section [6TT1 This amounts to factoring out the three terms 
proportional to 1/4 in (|5,9p . which can be done provided the relations 

2/2 = \yi , 2/5 = \yi , 2/6 = 2/1 (6.10) 

are imposed. Metrics on the eleven-dimensional coset are therefore given by 

dsjl = yi[( f7 12- f7 2l) 2 + ( CT 13- CT 3i) 2 + (°"23-°"32) 2 ] 

+ §2/1 [( fJ 12 + cr 2i) 2 + ( fT 13 + f7 3i) 2 + ( f7 23+ CT 32) 2 ] 
+2/3 [(0-23-0-l) 2 + (<731-0-2) 2 + (0-12-0-3) 2 ] 

+ \yi {cr^-a^f + yi {a^+a^f , (6.11) 

Imposing the Einstein condition Ry = Xgij, we obtain two solutions (up to overall scale): 

5 3125^5 257 

(2/1,2/3) = (1,2): A = I , 4 = -^, '2 = ^, 



53 _ (53) 11 / 2 132517 

(yi,y 3 ) = (!,?) : A = ^> J i = 2 i 9 / 2 7 7 ' 2 = ^427~ ' (6 } 



From (|6.6p we see that under SU{2)l, the adjoint of G 2 decomposes as 

14 — >2x(§) © (1) © 3x(0), (6.13) 

and hence from (|6.8p the Dynkin index of the SU{2)l embedding is 

J D = 3. (6.14) 

The two Einstein metrics we have obtained here are the ones denoted by G 2 / SU{2)% in [3], 
which were obtained in (7J [IT] . 

6.4 G 2 /SU(2) R 

Here, we consider the coset formed by dividing out by the SU(2)r factor in the SU{2)l x 
SU{2)r subgroup described in section EU This amounts to factoring out the three terms 
proportional to 2/3 in (15. 9p . which can be done provided the relations 

2/2 = hi , 2/5 = hi , 2/6 = 2/1 (6-15) 
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are imposed. Metrics on the eleven-dimensional coset are therefore given by 

dSn = 2/1 [K2- fT 2i) 2 + ( fJ 13- fT 3i) 2 + ( (J 23- CT 32) 2 ] 

+ \VI [K 2 + cr 2i) 2 + ( CT 13 + CT 3i) 2 + ( CT 23+ CT 32) 2 ] 
+2/4 [(023+^l) 2 + (<731+<72) 2 + (>12 + 0-3) 2 ] 

+ \yi {cr^-a^f + yi {a^+a^f , (6.16) 

Imposing the Einstein condition R^j = Xgij, we obtain two solutions (up to overall scale) 
with ?/i = and 315j/|-144t/ 4 +4 = 0: 

.11/2 



. ,„ 2(12+V109), , 44-VT09 T (91-8VT09) ] 

(ui, va) = (1, ): A = , i i = — ; 

Kui,yv \ 1Q5 j 28 ' 1 1536^6(12- >/l09) 

_ 14448791-425072^109 
2 ~ 2818800 ' 

. , 2(12- vT69), , 44+^/109 (91+8^/T09) n / 2 
(2/1,2/4) = (1, tttt ): A = — , L 



105 28 ' 1536^6(12+^109) 

14448791+425072^109 



(6.17) 



2818800 

From (|6.6p we see that under SU(2)r, the adjoint of Gi decomposes as 

14 — ► (1) © 4x(|) © 3x(0), (6.18) 

and hence from (|6.8|) the Dynkin index of the SU (2)r embedding is 

I D = 1. (6.19) 

The two Einstein metrics we have obtained here are the ones denoted by G2/ 1 SU{2)\ in [3], 
which were obtained in [7J [11] . 

6.5 G 2 /Sf/(2) max 

There is one further inequivalent 11-dimensional coset G2/H that we may consider, for 
which H is the maximal SU(2) subgroup in G 2 . Under this subgroup, the adjoint decom- 
poses as 14 — * 11 + 3, which, in terms of the labelling of SU{2) representations by their 
spin j, reads 

14 — ► (5) © (1) . (6.20) 
From (|6,8p . it follows that the Dynkin index of this embedding is 

I D = 28. (6.21) 
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We find that the (canonically-normalised) left-invariant 1-forms of the SU(2) max sub- 
group are defined by the Cartan 1-form H max and positive-root 1-form £+ iax , whose expres- 
sions in terms of (15.41) and (15.51) are 



#max - — (5JTi + fl2) ) £ ma 



(6.22) 



We accordingly find that one can make a projection into the 1 1-dimensional coset metric 



ds 2 n 



Xi 

+X3 
+x 5 



i((J23-20-i) 2 + (>3 2 -0-23) 



+ X 2 



i(o- 3 i-2o-2) 2 + (o- 3i -o- 13; 



3c7 12 + (°'l2 + Cr 2i) 2 

1 f3VE 



+X4 



3cr 31 + ( cr 13 + cr 3i) i! 
V3 



(6.23) 



3 -(^f o-23-2a 3 +o-i 2 ) 2 + (^| (o-sa+o-g^+o-^-o-^) 2 ] +|x 6 (2 C r li + 3a 2 2) 2 , 

provided that the constants are chosen (up to scale) so that 

(x 1 ,x 2 ,x 3 ,X4, x 5 , x 6 ) = (1, 1, 1, §, jg, ^) . (6.24) 

There is no freedom, except for an overall scaling, in the choice of the metric coefficients, the 
embedding is isotropy irreducible, and thus it is Einstein [9]. We find the Einstein constant 
and the invariant I2 are given by 

69883 



28 



h 



3698 



(6.25) 



6.6 G 2 /U(2) flag manifold 



There are two G 2 /U(2) cosets that one may consider, in which the U(2) is taken to be 
either SU(2) L xU(l) R , or else SU(2) R xU(l) L . (The 17(1) factors are taken from SU(2) R 
or SU(2)l respectively.) The case when U(2) is SU(2)l x U(1)r gives rise to the flag 
manifold G 2 /U(2). 

The metric on the coset G2/[SU(2)lxU(1)r] is obtained by dividing out the y$ terms 
and the last of the three 1/3 terms in (|5.9|) : 



" 6 io 



yi[(a 12 -a 2i ) +(a^-a 3i ) + {(J 2 ^-(J 32 ) } 

+2/2 [(0- 1 2+0- 2i ) 2 + (0- 13 + 0- 3i ) 2 + (0- 25 + CJ3 2 ) 

+U3 [(o-23-o-i) 2 + (o-3i-cr 2 ) 2 ] 



+2/5 (0'li-C r 22) 2 + y6 (o-ii+O-. 



22 ' 



(6.26) 



This factoring can be performed provided that 2/1 = 2/6 = 3y 2 = 3y$. The Einstein equations 
then imply that y% = 2yi or 2/3 = Thus, up to scaling, we obtain the two inequivalent 



19 



Einstein metrics 



(2/1, 2/2, 2/3, 2/5, 2/6 ) = (3, 1,6, 1,3) : A 



2 ' 
11 



h 



(2/1,2/2,2/3,2/5,2/6) = (3, 1,2, 1,3) : A= Y8' 7l 



27 _ 460 

16 ' 2 ~ ~W ' 
161051 2020 



la 



(6.27) 



104976 121 

The coset G2/U (2) that we have constructed here, denoted by G2/U (2)3 in [3] , is the flag 
manifold of G2. (The subscript is the Dynkin index of the SU(2) factor in the denominator 
subgroup.) The two Einstein metrics were obtained first in [12] . and were recently discussed 
further in 1131. 



6.7 G 2 /U(2) Grassmann manifold G^"(M 7 ) 

The other G2/U(2) coset is obtained by taking U(2) = SU(2)tX-U(1)l, and is thus denoted 
by G2/U(2)i in [3]. As discussed in [TJ], this 17(2) subgroup of G2 is also contained in the 
SU(3) subgroup of G2 (in fact it is the intersection of the SU(3) and the SU(2) x SU(2) 
subgroups of G2). The resulting coset space is isomorphic to the Grassmannian G\ (M 7 ) = 
SO{7)/[SO(2)xSO(5)] of oriented 2-planes through the origin in M 7 [TjE]. 

The SU(3) subgroup of G2 is spanned by the left-invariant 1-forms E± , E£, E e , H\ 
and H2 (see (|5.4p and (|5.5p ). The U(2) subgroup can be taken to be spanned by and 
H\ (spanning SU{2)) together with H2 (spanning the U{1) factor). Thus we may write 



G2-invariant metrics on the Grassmannian G2/U(2) = G^ (K ) by dividing out the terms 
proportional to xg, X7 and xs in (15. 7|) . This truncation is consistent provided that we take 
x\ = X2 and X4 = X5, and so we consider metrics of the form 



ds 



10 



2/1 

+2/2 
+2/3 



'23 _Cr 32) 2 + K Cr 23-2<Ti) 2 + ((T3 i -a 1 3) 2 + l(cJ3i-2cr2) 



7 12-°2l) 2 + s0 7 12- 2o &) 2 



3cr 23 + ( a 23 + a 32 ) 2 + 3cT 31 + ( a 31 + a 13 ) 2 



Scaling so that yi = 1, we find that the Einstein equations imply 

(3y 2 -2)(y 2 + 2) 



2/3 



2(5y 2 2 _l82/2+8) ' 



and ?/2 must satisfy 

(y 2 - 2) (60y 5 2 - 776^ + 1891y| - 1570y 2 + 523y 2 - 56) = . 
The quintic has three real roots, all of which are positive: 



(6.28) 



3.29) 



(6.30) 



y 2 ~ 0.1868941 , y 2 « 1.67467 , y 2 ~ 10.047 . 



(6.31) 
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The first two of these, and the root y 2 = 2 in (|6.30p . all give positive values for y 3 and thus 
yield Riemannian Einstein metrics. These have A, l\ and I 2 given by 

(2/1,2/2,2/3) = (1,2, 1) 
(2/1,2/2,2/3) ~ (1,0.1868941,0.327159) 

(2/1,2/2,2/3) « (1,1.67467,0.684128) 

(We take the volume to be V = y\y 2 y\^) These metrics were found in [151 ES]> and dis- 
cussed further in [14J. The first metric is just the standard 50(7)-invariant metric on the 
Grassmanian SO{7)/[SO{2) x 50(5)] [33! . 

The third root in (16.311) . for which y 3 is negative, gives a pseudo- Riemannian Einstein 
metric of signature (4,6): 

(2/1,2/2, 2/3) ~ (1, 10.046978, -0.510773) : A ps 0.312078 , (6.33) 

il ps 0.007759 , I 2 ~ -140.7999 . 

6.8 G 2 /SU(3) = S 6 

There is an SU(3) maximal subgroup of G 2 , for which the associated left-invariant 1-forms 
are 

0"23, 0"31 , 0-12, ( cr 23 + Cr 32) ' (^i+^lS)' (°"l2 + Cr 2i) ' (^li -0 ^)' ( Cr li+ (J 22)- 

(6.34) 

We find that there is a unique (up to overall scale) Einstein metric on G2/ SU(3), given by 

ds l = ( ,T 23 _0 '32) 2 + ( cr 3i~ Cr 13) 2 + ( (T 12- '2i) 2 

+l(a 23 -2a 1 ) 2 + ^(a 31 -2a 2 ) 2 + l(a 12 -2a 3 ) 2 . (6.35) 

This is 5 6 , with its standard Einstein metric. (With the scaling we have chosen, it has 
A = 5/3.) 

7 Conclusion 

In this paper, we have found four inequivalent positive-definite Einstein metrics on the 
group manifold 5*0(5), and six inequivalent positive-definite Einstein metrics on G 2 . Two 



. 5 3125 26 

A — — , -/1 — , 1 2 — — , 

6 3888 3 

A 1.94012, 

I 2 ps 0.549861 , I 2 ps 30.4872 , 
A ps 1.00414, 

Ii ps 0.80014 , I 2 ps 10.8238 . (6.32) 
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of the metrics on SO (5), and four of the metrics on G2, appear to be new. One motivation 
for studying this question was the possible utility of such metrics for the construction of 
background solutions in supergravity, string theory and M-theory. 

Mindful of the possible applications to the Chronology Protection Conjecture, and re- 
lated issues concerning closed timelike curves (CTCs), we also searched for Einstein metrics 
of indefinite signature. We found one on SU(3) with signature (2,6), one on G2I SU(2) ( ii a , g 
with signature (6,5), and one on the Grassmannian G^~(]R 7 ) = G^/f (2) with signature 
(4, 6). The absence of Lorentzian examples is striking, since there is no topological obstruc- 
tion to a group manifold, compact or otherwise, admitting a Lorentzian metric (although 
it will, if compact, have CTCs). Indeed, the necessary and sufficient condition that a mani- 
fold admit a time orientable Lorentzian metric is that it admit an everywhere non- vanishing 
vector field, or, equivalently, that the Euler number vanish. This condition holds trivially 
for group manifolds, and for all odd-dimensional compact manifolds. Of course, if we re- 
laxed the Einstein condition it would be trivial to write down Lorentzian metrics on group 
manifolds, simply by taking the matrix x a b in (|1.2p to have one negative eigenvalue. 

It is possible that the absence of Lorentzian metrics may be ascribed to the restricted 
nature of our ansatze. It may also be, by analogy with the Godel solution, that to obtain 
Lorentzian metrics satisfying the Einstein equations, one needs to add material sources such 
as a perfect fluid. This is an interesting topic for future investigation. 

References 

[1] J.E. D'Atri and W. Ziller, Naturally reductive metrics and Einstein metrics on compact 
Lie groups, Mem. Amer. Math. Soc. 18 (1979), no 215, iii+72 pp. 

[2] A. P. Balachandran, G. Immirzi, J. Lee and P. Presnajder, Dirac operators on coset 
spaces, J. Math. Phys. 44, 4713 (2003) [arXiv:hep-th/0210297| . 

[3] C. Bohm and M.M. Kerr, Low- dimensional homogeneous Einstein manifolds, Trans. 
Am. Math. Soc. 358, 1455 (2005). 

[4] G. Jensen, The scalar curvature of left invariant Riemannian metrics, Indiana U. Math. 
J. 20, 1125 (1971). 

[5] Y. Sakane, Homogeneous Einstein metrics on flag manifolds, Lobachevskii J. Math. 4, 
71 (1999). 



22 



[6] L. Castellani, L.J. Romans and N.P. Warner, A classification of compactifying solutions 
for D = 11 supergravity, Nucl. Phys. B241, 429 (1984). 

[7] G.R. Jensen, Einstein metrics on principal fibre bundles, J. Diff. Geom. 8, 599 (1973). 

[8] M.A. Awada, M.J. Duff and C.N. Pope, N = 8 supergravity breaks down to N = 1, 
Phys. Rev. Lett. 50, 294 (1983). 

[9] J. A. Wolf, The geometry and structure of isotropy irreducible spaces, Acta Math. 120, 
59 (1968). 

[10] W. Dickinson and M.M. Kerr, The geometry of compact homogeneous spaces with two 
isotropy summands, Annals of Global Analysis and Geometry 34, 329 (2008). 

[11] M. Wang, Einstein metrics and quaternionic Kdhler manifolds, Math. Z. 210, 305 
(1992). 

[12] W. Dickinson and M.M. Kerr, Einstein metrics on compact homogeneous spaces, 
preprint (2002). 

[13] A. Arvanitoyeorgos and I. Chrysikos, Invariant Einstein metrics on generalized flag 
manifolds with two isotropy summands, arXiv:0902.1826 . 

[14] M.M. Kerr, Some new homogeneous Einstein metrics on symmetric spaces, Trans. Am. 
Math. Soc. 348, 153 (1996). 

[15] M. Kimura, Homogeneous Einstein metrics on certain Kdhler C-spaces, Adv. Studies 
in Pure Math. 18-1, 303 (1990). 

[16] A. Arvanitoyeorgos, New invariant Einstein metrics on generalised flag manifolds, 
Trans. Am. Math. Soc. 337, 981 (1993). 



23 



